Slowly rotating stars and black holes in dynamical Chern-Simons gravity by Haїmoud, Yacine-Ali & Chen, Yanbei
Slowly rotating stars and black holes in dynamical Chern-Simons gravity
Yacine Ali-Haı¨moud1,2,* and Yanbei Chen1
1California Institute of Technology, Mail Code 350-17, Pasadena, California 91125 USA
2Institute for Advanced Study, Einstein Drive, Princeton, New Jersey 08540 USA
(Received 29 October 2011; published 14 December 2011)
Chern-Simons (CS) modified gravity is an extension to general relativity (GR) in which the metric is
coupled to a scalar field, resulting in modified Einstein field equations. In the dynamical theory, the scalar
field is itself sourced by the Pontryagin density of the space-time. In this paper, the coupled system of
equations for the metric and the scalar field is solved numerically for slowly rotating neutron stars
described with realistic equations of state and for slowly rotating black holes. An analytic solution for a
constant-density nonrelativistic object is also presented. It is shown that the black hole solution cannot be
used to describe the exterior space-time of a star as was previously assumed. In addition, whereas previous
analysis were limited to the small-coupling regime, this paper considers arbitrarily large coupling
strengths. It is found that the CS modification leads to two effects on the gravitomagnetic sector of the
metric: (i) Near the surface of a star or the horizon of a black hole, the magnitude of the gravitomagnetic
potential is decreased and frame-dragging effects are reduced in comparison to GR. (ii) In the case of a
star, the angular momentum J, as measured by distant observers, is enhanced in CS gravity as compared to
standard GR. For a large coupling strength, the near-zone frame-dragging effects become significantly
screened, whereas the far-zone enhancements saturate at a maximum value Jmax  ðM=RÞJGR. Using
measurements of frame-dragging effects around the Earth by Gravity Probe B and the LAGEOS satellites,
a weak but robust constraint is set to the characteristic CS length scale, 1=4 & 108 km.
DOI: 10.1103/PhysRevD.84.124033 PACS numbers: 04.50.Kd, 04.80.Cc
I. INTRODUCTION
Gravity, one of the four fundamental forces of nature, is
elegantly described by Einstein’s theory of general relativ-
ity (GR). Nearly a century after its discovery, GR has
successfully passed the more and more subtle and precise
tests that it has been submitted to (for a review, see, for
example, Ref. [1]). Nevertheless, Einstein’s theory is
probably not the final word on gravity. We expect that a
more fundamental theory unifying all forces should be able
to describe not only gravity but also quantum phenomena
that may take place, for example, at the center of black
holes. Since gravity does seem to describe nature quite
faithfully at the energy and length scales that are accessible
to us, we expect that it may be the low-energy limit of such
a fundamental theory. If this is the case, gravity should be
described by an effective theory, for which the action
contains higher-order curvature terms than standard GR,
the effect of which can become apparent in strong gravity
situations.
One such theory is modified Chern-Simons (CS) gravity
(for a review on the subject, see Ref. [2]). In this theory, the
metric is coupled to a scalar field through the Pontryagin
density R ~R (to be defined below). The dynamical and
nondynamical versions of the theory (which in fact are
two separate classes of theories), then differ in the pre-
scription for the scalar field. In nondynamical CS gravity,
the scalar field is assumed to be externally prescribed. It is
often taken to be a linear function of coordinate time (the
so-called ‘‘canonical choice’’), which selects a particular
direction for the flow of time [3], and induces parity
violation in the theory. Nondynamical CS gravity then
depends on a single free parameter, which has been con-
strained with measurement of frame-dragging on bodies
orbiting the Earth [4], and with the double-binary-pulsar
[5,6]. Nondynamical CS theory is quite contrived as a valid
solution for the space-time must satisfy the Pontryagin
constraint R ~R ¼ 0; it should therefore rather be taken as
a toy model used to gain some insight in parity-violating
gravitational theories.
Dynamical CS gravity, which is the subject of the
present paper, is a more natural theory where the scalar
field itself is given dynamics (even though arbitrariness
remains in the choice of the potential for the scalar field).
The scalar field evolution equation is sourced by the
Pontryagin density, which is nonvanishing only for
space-times which are not reflection-invariant, as is the
case in the vicinity of rotating bodies. Contrary to the
nondynamical theory, though, dynamical CS gravity is
not parity breaking, but simply has different solutions
than GR for space-times which are not reflection-invariant
(see discussion in Sec. 2.4 of Ref. [2]). Dynamical CS
gravity has only recently received some attention, as it is
more complex than the nondynamical version. Refs. [7,8]
computed the CS correction to the Kerr metric in the slow-
rotation approximation. The effects of CS gravity on the
waveforms of extreme-mass ratio inspirals were studied in
Refs. [9] (for a central Kerr black hole) and [10] (for a*yacine@ias.edu
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central Schwarzschild black hole). Recently, Ref. [11] pro-
posed a solution for the space-time inside slowly rotating
neutron stars, assuming that the solution outside the star
was identical to that of a black hole of the same mass and
angular momentum. All the aforementioned studies (with
the exception of Ref. [10]) were done in the small-coupling
limit, i.e. considering the CS modification as a perturbation
around standard GR.
The two main points of this paper are as follows. First,
we show that, in contrast with GR, the space-time around a
slowly rotating relativistic star is different from that of a
slowly spinning black hole in CS gravity, owing to differ-
ent boundary conditions (regularity conditions at the hori-
zon for a black hole versus continuity and smoothness
conditions at the surface of a star). Second, we solve for
the CS modification to the metric and the scalar field
simultaneously, in the fully coupled case (nonperturbative
with respect to the CS coupling strength), for a slowly
rotating star or black hole. Our motivation in doing so is
that frame-dragging effects are difficult to measure and are
not highly constrained; it is therefore still possible that they
differ significantly from the GR prescription. The solutions
obtained would be exact (modulo the slow-rotation ap-
proximation) if CS gravity were taken as an exact theory.
If one assumes the CS action is only the truncated series
expansion of an exact theory, then our solutions are only
meaningful at the linear order in the CS coupling strength.
As shown in previous works, the CS correction only
affects the gravitomagnetic sector of the metric at leading
order in the slow-rotation limit. We find that for both stars
and black holes, the CS correction leads to a suppression of
frame-dragging at a distance of a few stellar radii, or a few
times the black hole horizon radius. This suppression is
perturbative in the small-coupling regime but can become
arbitrarily large in the nonlinear regime, asymptotically
leading to a complete screening of frame-dragging effects
near the star or black hole in the large-coupling-strength
limit. Far from the boundary of a star, the magnitude of
frame-dragging effects is enhanced: we find a correction to
the t metric component gt  2JCS=r3 at large
radii, with JCS > 0. This means that for a given angular
rotation rate , the angular momentum measured by dis-
tant observers is enhanced as compared to standard GR.
We evaluate the correction to the angular momentum
JCS  JCS  JGR as a function of the coupling strength
and find that it increases quadratically with the coupling
parameter in the small-coupling regime, and asymptotes to
a constant value Jmax  ðM=RÞJGR in the large-coupling
regime.
These results are obtained using an analytic approxima-
tion for constant-density nonrelativistic objects, and con-
firmed with a numerical solution for neutron stars
described with realistic equations of state. The black hole
solution is computed numerically and checked against
known analytic solutions in the small-coupling regime.
Finally, using measurements of frame-dragging effects
around the Earth, we set a weak but robust constraint to the
CS characteristic length scale, 1=4 & 108 km. We argue
that this bound is the only current astrophysical constraint
to the theory.
This paper is organized as follows: in Sec. II, we review
the theory of dynamical CS gravity and define our notation.
In Sec. III, we lay out the general formalism to compute the
CS scalar field and the metric in CS gravity, for a slowly
rotating object. We provide analytic expressions for the
exterior solution in some limiting cases in Sec. IV, as a well
as an analytic solution for the full space-time for non-
relativistic constant-density stars. We present the results
of our numerical computations for realistic neutron stars in
Sec. V and for black holes in Sec. VI. We discuss con-
straints to the theory in Sec. VII and conclude in Sec. VIII.
Throughout this paper we use geometric units G ¼
c ¼ 1. We adopt the conventions of Ref. [12] for the
signature of the metric, Riemann, and Einstein tensors.
II. DYNAMICAL CHERN-SIMONS GRAVITY
For a review on CS modified gravity, we refer the reader
to Ref. [2]. Here, we simply recall the main equations and
results and define our notation.
We consider the following action defining the modified
theory1:
S¼
Z
d4x
ffiffiffiffiffiffiffigp

1
16
RþLmat

þ
Z
d4x
ffiffiffiffiffiffiffigp

‘2cs
4
#R ~R1
2
r#r#Vð#Þ

: (1)
In Eq. (1), the first term contains the standard Einstein-
Hilbert action and the matter contribution with Lagrangian
density Lmat. The second term is the CS modification,
which only depends on the dimensionfull coupling con-
stant ‘cs (which has dimensions of length; its relation to the
parameter  of Ref. [7] is   16‘4cs), and of course on
the shape of the potential V for the dimensionless CS scalar
field #. The Pontryagin density R ~R is given by the con-
traction of the Riemann tensor R with its dual:
R ~R  1
2
	
R	
R; (2)
where 	
 is the four-dimensional Levi-Civita tensor
(with convention 0123 ¼ þ1 in a right-handed orthonor-
mal basis). The equations of motion resulting from the
modified action are the following:
1The conversion from the notation used in Ref. [2] (AY09) to
that of the present work is given by #  ffiffiffiffip #AY09, 16‘4cs 
2=ðÞ  , Vð#Þ  VAY09ð#=
ffiffiffiffi

p Þ. The conversion from
the notation of Ref. [4] (who define the Riemann tensor with
an opposite sign) is given by ‘2cs ¼ ‘=3.
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(i) The modified Einstein field equations:
G þ 16‘2csC ¼ 8ðTmat þ T#Þ; (3)
where G is the Einstein tensor, T
mat
 is the matter
stress-energy tensor,
C  @	#	ðrRÞ
þ 1
2
r
ð@	#Þ	ðRÞ
 (4)
is a four-dimensional generalization of the Cotton-
York tensor, and
T#  r#r#  12gr#r
#  gVð#Þ
(5)
is the stress-energy tensor associated with the scalar
field #.
(ii) The evolution equation for the scalar field #:
h# ¼  ‘
2
cs
4
R ~Rþ V0ð#Þ; (6)
where h  grr is the usual covariant
d’Alembertian operator.
In general, the fundamental theory from which CS grav-
ity arises should predict a shape for the potential Vð#Þ.
This would introduce an additional free parameter (or
several parameters) in addition to ‘2cs. Since our goal here
is mainly to study the effect of the coupling strength ‘2cs, we
follow previous works and assume Vð#Þ ¼ 0 for
simplicity.
III. SLOWLY ROTATING RELATIVISTIC
STARS IN CHERN-SIMONS GRAVITY
A. Metric
We consider a stationary, axially symmetric system.
This means that there exists a time coordinate x0 ¼ t and
an angular coordinate x3 ¼  such that the metric compo-
nents do not depend on t nor ; if x1 and x2 are the two
remaining spatial coordinates, we have
g ¼ gðx1; x2Þ: (7)
We moreover assume that the line element ds2 ¼
gdx
dx satisfies an additional discrete symmetry: we
suppose that the effect of inversion of the azimuthal angle
is identical to that of inverting time, ! , t! t,
i.e.
ds2ðt; x1; x2;; dt; dx1; dx2;dÞ (8)
¼ ds2ðt; x1; x2; ;dt; dx1; dx2; dÞ: (9)
Note that one could clearly not have made this assumption
in nondynamical CS gravity where the externally
prescribed scalar field defines the flow of time (for the
‘‘canonical’’ choice of scalar field). The validity of this
assumption in dynamical CS gravity will be justified
a posteriori by checking that solutions do exist with this
discrete symmetry (however, it does not guarantee the
uniqueness of the solutions found). With this assumption,
we find that2
gtx1 ¼ gtx2 ¼ gx1 ¼ gx2 ¼ 0: (10)
By an appropriate choice of coordinate transformations
of the form ~xi ¼ fiðx1; x2Þ for i ¼ 1, 2, one may rewrite the
line element in the form [14]
ds2 ¼ e2ðr;Þdt2 þ e2ðr;Þdr2 þ r2Hðr; Þðd2
þ ðsinÞ2d2Þ  2r2ðsinÞ2!ðr; Þdtd; (11)
where we have removed the tildes for clarity and denoted
x1 ¼ r, x2 ¼ .
B. Stress-energy tensor
We consider an ideal fluid in solid rotation with angular
rate d=dt ¼ , i.e. such that the 4-velocity is of the form
u ¼ fut; ur; u; ug ¼ u0ðr; Þf1; 0; 0;g: (12)
To evaluate u0, we use the normalization condition
gu
u ¼ 1, i.e.
u0 ¼ ðe2 þ 2r2ðsinÞ2!þ r2HðsinÞ22Þ1=2: (13)
The stress-energy tensor of a perfect fluid is then obtained
from
T ¼ ðþ pÞuu þ pg; (14)
where  and p are the density and pressure of the fluid as
measured in its local rest frame.
C. Slow-rotation expansion
We consider a star3 of radius R in solid rotation with
angular velocity. The star is in slow rotation ifR 1.
In what follows, we shall expand the metric functions ,
, H, !, gtr, and gt as well as the density and pressure
fields in powers of R.
Under the change of coordinates 0 ¼ , the angular
velocity changes sign, 0 ¼ , gtt, grr, g, g and
therefore, , H remain unchanged, while gt and there-
fore ! change sign. Similarly, considerations of the trans-
formation properties of the stress-energy tensor show that
2In GR, one does not need the additional assumption (9) to
obtain (10), see proof in Section 7.1 of Ref. [13]. The proof of
Ref. [13] makes use of the GR Einstein field equation, however,
and can therefore not be carried over to CS gravity. One could
also retain the a priori nonzero gtr and gt metric components
and show that the CS field equations lead them to vanish. We
have not chosen this path in order to avoid excessive algebra.
3In this paper we use the word ‘‘star’’ to refer to a general
(nonempty) astrophysical object.
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 and p remain unchanged. Since the field equation ex-
pressed in the t, r, , 0 coordinate system are the same as
those in the t, r, ,  coordinate system for a fluid with
angular velocity  (because there is no functional de-
pendence on ), we conclude that , , H,  and p are
even functions of  whereas ! is an odd function of .
In the slow-rotation approximation, we only keep the
lowest-order contribution to each function. From the pre-
vious discussion, this means that we keep only the Oð1Þ
terms in , , H, , and p and the OðRÞ term in !. The
next-order contributions are of relative order fð‘2cs=M2Þ 
ðRÞ2 in CS gravity, where f is an unknown function of
the coupling strength. It is beyond the scope of this paper to
evaluate f, but we emphasize that our slow-rotation ap-
proximation is only valid as long as f ðRÞ2  1.
To lowest order, the velocity of the fluid becomes
u  e2f1; 0; 0;g: (15)
Moreover, the Pontryagin density is of order OðRÞ (we
give the exact expression below). Therefore, the scalar field
# is also of order OðRÞ [from Eq. (6) with V ¼ 0]. As a
consequence, the components of the scalar field stress-
energy tensor T# [Eq. (5)] are of order OðRÞ2 and
need not be considered at this level of approximation, i.e.
the energy of the scalar field does not curve space-time to
first order in the rotation rate.
D. Stellar structure equations for ,  and H
The leading-order contribution to the metric compo-
nents which are even in  can be obtained in the non-
rotating case, ¼ 0. In that case, the system is spherically
symmetric and the Pontryagin density vanishes. The scalar
field being unsourced, the Einstein field equations are
identical to those of standard GR. By spherical symmetry,
, , H, , and p are functions of r only. By rescaling the
radial coordinate, one can moreover set H to unity. The
functions ðrÞ and ðrÞ then satisfy the usual relativistic
stellar structure equations [12]:
ðrÞ   1
2
ln

1 2mðrÞ
r

; (16)
with
mðrÞ 
Z r
0
4r02ðr0Þdr0 (17)
being the mass enclosed within a radius r. Inside the star,
the function ðrÞ is the solution of the equation
0ðrÞ ¼ mþ 4r
3p
rðr 2mÞ ; (18)
where the pressure pðrÞmust satisfy the equation of hydro-
static equilibrium
p0ðrÞ ¼ ðþ pÞmþ 4r
3p
rðr 2mÞ : (19)
Outside the star, we have p ¼  ¼ 0, and
ðrÞ ¼ ðrÞ ¼ 1
2
ln

1 2M
r

; (20)
where M is the total mass of the star.
E. Gravitomagnetic sector
1. General equations
Let us now consider the t component of the metric.
Evaluating the t component of the modified field equa-
tion to lowest order in R, we find, in agreement with
Ref. [7,8,11] outside the star:

1 2m
r

@2!
@r2
þ 4
r

1 2m
r
 ðþ pÞr2

@!
@r
þ 1
r2

@2!
@2
þ 3 cotan @!
@

þ 16ðþ pÞð!Þ
¼ 96‘2cs e

r4 sin
@
@r

m
r
 4
3
r2

@#
@

: (21)
In addition, the evolution equation for the CS scalar field
becomes, in the time-independent case and to first order in
R:

1 2m
r

@2#
@r2
þ 2
r

1m
r
þ 2ðp Þr2

@#
@r
þ 1
r2

@2#
@2
þ cot @#
@

¼  ‘
2
cs
4
R ~R; (22)
where, to lowest order, the Pontryagin density is given by
R ~R ¼ 24 e
ðþÞ
sin

m
r3
 4
3


@
@

sin2
@!
@r

: (23)
Finally, we also note that all other nondiagonal compo-
nents of the Einstein, ‘‘C’’ and stress-energy tensors vanish
at this order. Therefore, the metric (11) is indeed a valid
solution of the modified Einstein field equations provided
we solve for ,  and ! as described above.
2. Multipole expansion
Following Ref. [8], we decompose #ðr; Þ on the basis
of Legendre polynomials and !ðr; Þ on the basis of their
derivatives:
#ðr; Þ ¼X1
l¼0
#lðrÞPlðcosÞ; (24)
!ðr; Þ ¼X1
l¼1
!lðrÞP0lðcosÞ: (25)
Equations (21) and (22) can then be rewritten as an infinite
set of coupled differential equations for the coefficients !l
and #l. Each pair of equations is independent in the sense
that the l-th multipole of ! only couples to the l-th multi-
pole of # [8]. The only sourced multipole is l ¼ 1, and
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therefore #l ¼ 0 and !l ¼ 0 for l  1 (this follows from
the system being second order in !l and #l, and the
requirement that # and ! vanish at large radii and be
bounded at the stellar center). The functions #1ðrÞ and
!1ðrÞ ¼ !ðrÞ are the solutions of the following system:
1 2m
r

!00 þ 4
r

1 2m
r
 ðþ pÞr2

!0
þ 16ðþ pÞð!Þ
¼ 96‘
2
cs
r4
e
d
dr

m
r
 4
3
r2

#1

(26)
and
1 2m
r

#001 þ
2
r

1m
r
þ 2ðp Þr2

#01 
2
r2
#1
¼ 12‘2cseðþÞ

m
r3
 4
3


!0: (27)
One can decompose! into two pieces: a part that would be
present in standard GR, !GR, that can be obtained by
setting ‘2cs ¼ 0 in Eq. (26), and a correction (not neces-
sarily small) !CS  !!GR, which is the solution of
Eq. (26) with  ¼ 0. Note that it is the full ! ¼ !GR þ
!CS that sources the CS scalar field in Eq. (27).
Before proceeding further, we shall discuss boundary
conditions at the surface of the star. First, the function !
must be continuous at the boundary of the star. In addition,
integrating Eq. (26) between R  and Rþ  gives us a
jump condition for the derivative of! at the stellar surface:
!0ðRþÞ!0ðRÞ¼96‘
2
cs
R2
4
3
ðRÞ#1ðRÞ: (28)
For neutron stars, the surface density is nearly vanishing
[in the sense that ðR Þ  ð0Þ], and !0 is (nearly)
continuous at the surface. For constant-density objects,
however, there is a jump in the derivative of ! at the
surface. Finally, inspection of Eq. (27) shows that all
coefficients are bounded (although potentially discontinu-
ous), and therefore both #1 and #
0
1 must be continuous at
the stellar surface, in all cases.
3. Simplification outside the star
Outside the star,  ¼ p ¼ 0 and Eq. (26) can be inte-
grated once and simplified to
!0 ¼ 96‘
2
csM
r5
#1  6J
r4
; (29)
where J is a constant of integration. J is also the total
angular momentum of the star as measured by observers in
the asymptotically flat far-zone, as we shall discuss in
Sec. III F. We write J ¼ JGR þJCS, where JGR is the
value of J in standard GR and JCS is the correction (not
necessarily perturbative) that arises in CS gravity.
Using Eq. (29) into Eq. (27), we obtain an equation for
#1 alone:

1 2M
r

# 001 þ
2
r

1M
r

# 01 

2
r2
þ 9
2R6
r8

#1
¼ 72‘2csMJ
r7
; (30)
where we have defined the dimensionless coupling strength
 , to be used repeatedly in the remainder of this paper:
2  128‘
4
csM
2
R6
: (31)
Physically, 1=2 is of the order of the ratio of the CS length
scale to the dynamical time scale of the system. It is
important to notice that the definition of  depends on
the system considered through its average density.
Equation (30) does not have an analytic solution in the
general case, but it does have one in the two limiting cases
of small-coupling and nonrelativistic stars, discussed in
Sec. IV.
Equations (29) and (30) are also valid for a slowly
rotating black hole. Because a black hole does not have a
surface of discontinuity but has a horizon, the boundary
conditions for the scalar field and the metric are different
than for a star. We shall discuss the black hole solution in
Sec. VI.
F. A note on the angular momentum
and moment of inertia
There are several possible definitions for angular mo-
mentum in GR, and we therefore specify the definition that
we use here.
The angular momentum J of a body can be defined from
the asymptotic behavior of the metric far outside the source
[12,15]:
ds2¼

12M
r
þO

1
r2

dt2

4
ijkJ
jxk
r3
þO

1
r3

dtdxi
þ

1þ2M
r
þO

1
r2

ijdx
idxj
þO

1
r

½1ijdxidxj: (32)
In spherical polar coordinates, and using the notation of
Eq. (11), this corresponds to
! ¼ 2J
r3
½1þOð1=rÞ: (33)
We therefore see that the constant of integration J in
Eq. (29) corresponds to the total angular momentum of
the star or black hole as measured by distant observers.
The moment of inertia is an ill-defined quantity for
relativistic systems, as in general the angular momentum
of a body in solid rotation may not scale linearly with the
angular velocity. However, in the slow-rotation approxi-
mation, the angular momentum does scale linearly with,
to first order. We can therefore define the relativistic
generalization of the Newtonian moment of inertia by [16]
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I  lim
R!0
J

: (34)
In general, the moment of inertia will depend on the mass
and equation of state of the considered object. In CS
gravity, it will also depend on the coupling constant ‘2cs.
In GR, there exists a simple integral formula for the
moment of inertia [16]:
IGR ¼ 83
Z R
0
r4ðþ pÞe

1 !


dr: (35)
This formula is a priori valid only in GR, and does not
necessarily hold in modified gravity theories. Equation
(35) is indeed a local definition, whereas we have defined
angular momentum from its imprint on the space-time in
the far-field.
It turns out, however, that Eq. (35) still holds in CS
gravity, due to the particular form of Eq. (26). To see
this, let us first rewrite Eq. (26) in the form
1
r4
d
dr
ðr4eðþÞ!0Þ þ 16ðþ pÞeð!Þ
¼ 96‘
2
cs
r4
d
dr

m
r
 4
3
r2

#1

; (36)
Multiplying Eq. (36) by r4, integrating form 0 to R ,
and using the jump condition for !0 at the surface of the
star, Eq. (28), in conjunction with Eq. (29), we recover
Eq. (35). We emphasize that this integral formula is not a
definition of the moment of inertia and would not neces-
sarily be valid in other modified gravity theories.
IV. ANALYTIC APPROXIMATE SOLUTIONS
Before tackling the full numerical solution of the prob-
lem, we give a few analytic results in some simple cases.
A. Analytic exterior solution in the small-coupling limit
If   1, the differential equation for #1 outside the star
Eq. (30) has an analytic solution [7,8], valid up to correc-
tions of relative order Oð2Þ:
#1ð  1; r  RÞ
¼ 5
8
J
M2
‘2cs
M2

M2
r2
þ 2M
3
r3
þ 18
5
M4
r4
þ C2ðrMÞ
þ 3C1

1þ

r
2M
 1
2

lnð1 2M=rÞ

; (37)
where C1 and C2 are constants of integration. The require-
ment that # remains finite at infinity implies that C2 ¼ 0.
In Refs. [7,8] where a rotating black hole was studied, C1
was also (rightly) set to zero so # (as well as !) remains
finite at the horizon. In our case, however, since r > 2M
outside the star, the homogeneous solution proportional to
C1 is well-behaved everywhere outside the star, and
C1  0 a priori (in fact, we shall show that C1  1 for
nonrelativistic objects). The integration constant C1 must
be determined from the continuity and smoothness require-
ments for # at the stellar boundary. This shows that the
black hole solution cannot be used as the solution outside a
star as was assumed in Ref. [11].
From Eq. (29), we then obtain ! outside the star
(setting the additional integration constant to zero so that
!ðþ1Þ ¼ 0):
!ð  1; r  RÞ
¼ 2J
r3
þ 10J‘
4
cs
M7

M
6
r6
 12
7
M7
r7
 27
10
M8
r8
þ C1

15
32
M
r
þ 15
32
M2
r2
þ 5
8
M3
r3
 81
16
M4
r4
þ lnð1 2M=rÞ

15
64
 3M
3
r3
þ 9
4
M4
r4

: (38)
It will be useful in what follows to write the asymptotic
behavior of # and! at large radii r	 M up to corrections
of relative orderM=r (a fortiori, these results are also valid
everywhere outside the source in the nonrelativistic limit
R	 M):
#1ð  1; r	 MÞ
 5
8
J
M2
‘2cs
M2

ð1 C1ÞM
2
r2
 32
5
C1
M5
r5

; (39)
!ð  1; r	 MÞ
 2J
r3
þ 10J‘
4
cs
M7

ðC1  1ÞM
6
r6
þ 64
15
C1
M9
r9

: (40)
Before going further, let us assess the differences of our
results with those of Ref. [11], who also worked in the
small-coupling regime. First, as we pointed out previously,
Ref. [11] set C1 ¼ 0, whereas we shall show below that
C1 ¼ 1þOðM=RÞ þOð2Þ. Therefore, our solution for
the scalar field is of order OðM=RÞ smaller than that of
Ref. [11] at large distances. Second, and more importantly,
in Ref. [11], the parameter J used in Eq. (38) was set to
JGR. In reality, J ¼ JGR þ JCS is determined by impos-
ing the continuity and jump conditions for ! at the surface
of the star. In the small-coupling regime,
JCS  JGR (41)
and JCS is in general nonzero. We therefore have
!CS  J=r3 at large distances, instead of !CS 
ðR6=M3ÞJ=r6 in Ref. [11]. Physically, this means that
the CS correction translates into a change of angular
momentum as measured by distant observers, whereas
the previous solution did not, strictly speaking, lead to
any additional angular momentum.
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B. Analytic exterior solution in the nonrelativistic limit
If M R, then the solution of Eq. (30) is
#1ðrR	MÞ
¼ Jffiffiffiffiffiffi
2
p
R3
r

1D2 cosh

R3
r3

þD1 sinh

R3
r3

; (42)
where D1 and D2 are integration constants. Requiring # to
be finite at large radii impliesD2 ¼ 1, whereasD1 needs to
be fixed using continuity conditions at the stellar boundary.
From Eq. (29), we then obtain ! outside the star
(choosing the additional integration constant such that
!ðþ1Þ ¼ 0):
!ðr  R	 MÞ
¼ 2J
R3

sinh

R3
r3

þD1

1 cosh

R3
r3

: (43)
If we Taylor-expand these solutions for   1, we should
recover the analytic solution obtained in Sec. IVA in the
small-coupling limit, in the far-field limit, r	 M (we
have just reversed the order in which the limits are taken).
We obtain, up to corrections of relative order 2:
#1ðr  R	 M;   1Þ  JD1ffiffiffiffiffiffi
2
p
r2
 4 ‘
2
csMJ
r5
; (44)
!ðr  R	 M;   1Þ
 2J
r3
 8 ffiffiffiffiffiffi2p J‘2csMD1
r6
þ 128
3
J‘4csM
2
r9
: (45)
Comparing to Eqs. (39) and (40), we see that the constants
C1 and D1 are related in the regimeM R,   1:
D1 ¼ 5
ffiffiffiffiffiffi
2
p
8
‘2cs
M2
ð1 C1Þ: (46)
Moreover, inspection of the second terms in Eqs. (39) and
(44) show that one must have
C1 ¼ 1þOðM=RÞ þOð2Þ: (47)
C. Analytic solution in the nonrelativistic
limit for a constant-density object
We have already obtained the general solution outside a
nonrelativistic star in the previous section. We now need a
solution inside the star to obtain the integration constants
D1 and J.
Let us first consider Eq. (27) for #1. For a constant-
density object, the right-hand side vanishes, and in the
nonrelativistic limit, we find
#1ðr 
 RÞ ¼ C3 rRþ C4
R2
r2
: (48)
Requiring #1 to be finite at the center of the star, we set
C4 ¼ 0. We therefore have R#01ðR Þ ¼ #1ðR Þ. The
continuity and smoothness of #1 at the boundary therefore
imply that this relation is also satisfied at Rþ . Imposing
this condition with #1 given in Eq. (42) (where we recall
that D2 ¼ 1), we obtain, up to corrections of order M=R,
C3 ¼ Jffiffiffiffiffiffi
2
p
R2

1 1
cosh

; (49)
D1 ¼ tanh: (50)
From the value ofD1 and Eq. (44), we infer the asymptotic
behavior of #1 at large radii (r	 R1=3):
r2
R2
#1 !
r!1
Jffiffiffiffiffiffi
2
p
R2
tanh: (51)
We show the radial dependence of the scalar field#1ðrÞ for a
nonrelativistic constant-density object in Fig. 1.We see that
in the linear regime ( & 1), the scalar field increases uni-
formly with —for   1, #1 / 2. Increasing  further
eventually leads to a damping of the scalar field near the
surface of the star. In the far-zone, we see from Eq. (51) that
the asymptotic value of r2#1 plateaus to a constant value.
Let us now consider Eq. (26) for !. Again, for a
constant-density object, the right-hand side vanishes.
Using  ¼ 3M=ð4R3Þ, the equation satisfied by ! be-
comes, to first order in M=R:

12M
R3
r2

!00 þ4
r

111M
4R3
r2

!0þ12M
R3
ð!Þ¼0;
(52)
which has the general solution, up to corrections of order
ðM=RÞ2:
FIG. 1. CS scalar field #1 as a function of radius, for a
constant-density nonrelativistic object. The curves are parame-
trized by the dimensionless coupling constant  defined in Eq.
(31). For the ease of visualization, we have used dotted lines for
 
 1 (the linear or quasilinear regime, where #1 increases
uniformly with ), and solid lines for  > 1 where nonlinearity
results into a damping of the scalar field in the near-zone and a
plateauing of its asymptotic behavior at large radii.
SLOWLY ROTATING STARS AND BLACK HOLES IN . . . PHYSICAL REVIEW D 84, 124033 (2011)
124033-7
! ¼ þD3

1þ 6M
5R3
r2

þD4
r4

1 4M
R3
r2

: (53)
In order for ! to be finite at the origin, we impose D4 ¼ 0.
Requiring ! to be continuous at the boundary and its
derivative to satisfy the jump condition Eq. (28), we find
D3 ¼  52 J=ðMR2Þ and
J ¼ 2
5
MR2

1 2M
R
þ 4M
5R

1 tanh


þOðM=RÞ2

:
(54)
If we write J ¼ JGR þ JCS (with the well-known result
JGR ¼ 25MR2 in the nonrelativistic limit), we therefore
obtain, to lowest order in M=R,
JCS
JGR
¼ 4M
5R

1 tanh


: (55)
In the small-coupling limit (  1), we find
JCS
JGR

1
4M
5R
2
3
¼ 512
15
‘4csM
3
R7
: (56)
Interestingly, for large values of the coupling constant, the
CS correction saturates
JCS
JGR

	1
4M
5R
: (57)
We show the function !ðrÞ for a constant-density, non-
relativistic object in Fig. 2. The effect of CS gravity is to
(potentially strongly) decrease the gravitomagnetic poten-
tial near the surface, and enhance its asymptotic value in
the far-field r	 R1=3 by a relative amount JCS=JGR <
4M=ð5RÞ  1.
In the next section, we will see that the qualitative
features of the analytic solution are recovered in the full
numerical solution.
V. NUMERICAL SOLUTION FOR
REALISTIC NEUTRON STARS
In the previous section, we have given analytic solutions
for the coupled CS scalar field-metric system in the non-
relativistic limit, for constant-density objects. In this sec-
tion, we provide full numerical solutions for neutron stars
described by realistic equations of state.
A. Equations of state
Matter at nuclear densities has complex properties, and
the equation of state (EOS) of neutron stars is not very well
known. There exist two EOSs that are widely used in
astrophysical simulations (see, for example, Ref. [17] for
a discussion): the Lattimer-Swesty (LS) EOS [18], and the
Shen et al EOS [19,20]. We will use the LS EOS with
nuclear incompressibility K0 ¼ 220 MeV (hereafter,
LS220) and the Shen et al EOS (hereafter Shen). We use
the EOS routines of O’Connor and Ott4 [17] to solve the
relativistic stellar structure equations. We show the result-
ing mass-radius relations in Fig. 3.
We also show the moment of inertia in standard GR as a
function of neutron star mass and equation of state in
Fig. 4. To evaluate the moment of inertia, we have inte-
grated Eq. (36) in the absence of CS coupling (‘2cs ¼ 0)
with a second-order implicit Euler method.
FIG. 2. Function !ðrÞ in CS gravity around a constant-density
nonrelativistic object, for various values of the dimensionless
coupling strength  defined in Eq. (31), marked as labels. The
dotted curve corresponds to standard GR ( ¼ 0). Because of the
sharp boundary of a constant-density object, this function is
continuous but not smooth, and the jump in its derivative at
the surface is given by Eq. (28). All curves asymptote to ! 
2J=r3 for r	 R1=3 but differ significantly close to the surface.
The vertical dashed lines show the locations probed by the
LAGEOS [23] and GPB [22] satellites, which orbit the Earth
at an altitude of 6000 km and 640 km, respectively, and are used
to set constraints to the CS length scale in Sec. VII.
FIG. 3. Neutron star mass-radius relation for the two equations
of state used in this work: Lattimer-Swesty (LS220) [18] and
Shen et al [19,20].
4Available at http://stellarcollapse.org/microphysics; we thank
Evan O’Connor for providing tabulated solutions to the relativ-
istic equations of stellar structure.
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B. Numerical solution of the coupled CS equations
1. Boundary conditions
Inspection of the system given by Eqs. (21) and (27) near
the origin shows that there is one well-behaved solution for
! with !ðrÞ r!0 c1 þOðr2Þ and a divergent (hence un-
physical) solution with !ðrÞ r!0 c2=r3. Similarly, there
is one well-behaved solution for #1 with #1ðrÞ r!0 c3r
and a divergent, unphysical solution with #1 r!0 c4=r2.
The physically allowed boundary conditions at the origin
are therefore
!ð0Þ ¼ c1; !0ð0Þ ¼ 0; (58)
#1ð0Þ ¼ 0; #01ð0Þ ¼ c3; (59)
where c1 and c3 are integration constants to be determined.
The mathematically allowed asymptotic behaviors at
infinity are similar, but the physically relevant solutions
are reversed, i.e. we have
lim
r!1r
3!ðrÞ ¼ 2J; lim
r!1
d
dr
½r3!ðrÞ ¼ 0; (60)
lim
r!1r
2#1ðrÞ ¼ d4; lim
r!1
d
dr
½r2#1ðrÞ ¼ 0; (61)
where d4 and J are integration constants, and J ¼ JGR þ
JCS can physically be interpreted as the total perceived
angular momentum of the system.
In addition to these boundary conditions at r ¼ 0 and
þ1, the functions !, !0, #1, and #01 must all be continu-
ous at the boundary of the star [in principle there is a jump
in the derivative of!, see Eq. (28), but for realistic neutron
stars the surface density is seven orders of magnitude larger
than the mean density, so !0 is continuous up to small
corrections].
2. Shooting method
We integrate the coupled system given by Eqs. (21) and
(27) with a second-order implicit Euler method from r ¼ 0
to R, and from r ¼ þ1 down to r ¼ R [specifically, we
consider the functions ~!ðuÞ  1
u2
!ð1=uÞ and ~#1ðuÞ 
1
u #1ð1=uÞ from u ¼ 0 to 1=R; these functions vanish at
u ¼ 0 and their derivatives at u ¼ 0 are proportional to the
constants J and d4]. The linearity of the system allows to
find the appropriate constants of integration at r ¼ 0 and
þ1 with a shooting method by requiring continuity and
smoothness at r ¼ R.
C. Results
In this section, we illustrate our numerical results in
several figures, and compare them to our analytic solution
of Sec. IVC.
1. Scalar field
First, in Fig. 5, we show the scalar field #1ðrÞ as a
function of radius, for several values of the dimensionless
CS coupling parameter  . A qualitative difference of this
work with that of Ref. [11] is that we have properly
enforced the continuity and the smoothness of the CS
scalar field at the stellar boundary (see Fig. 4 of Ref. [11]
for a comparison). In the linear regime  & 1, #1 increases
uniformly with  . For  * 1, more complex nonlinear
behaviors appear (the system solved being equivalent to a
fourth-order ODE, such behaviors can be expected), but
the overall effect is to suppress # near the stellar surface.
FIG. 4. Moment of inertia as a function of neutron star mass in
standard GR, for the two equations of state used in this work:
Lattimer-Swesty (LS220) [18] and Shen et al [19,20].
FIG. 5. Radial dependence of the CS scalar field #1ðrÞ for a
1 M neutron star described by the Shen et al. EOS (the LS220
EOS shows a very similar behavior and we have not plotted it
here for more clarity). The curves are labeled by the dimension-
less coupling strength  defined in Eq. (31). For  & 1, the scalar
field increases uniformly over the whole range r > 0. For  * 1,
the scalar field gets suppressed in the vicinity of the star; in the
far-field, limr!1r2#1ðrÞ asymptotes to a constant value for large
values of  . We have shown the two regimes  
 1 and  > 1
with different line styles for more visual clarity.
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The far-field behavior of # plateaus to an asymptotic limit,
as we found in our analytic approximation.
2. Gravitomagnetic sector and moment of inertia
In Fig. 6, we show the gravitomagnetic sector of the
metric through the function !ðrÞ. An essential difference
of our solution with previous work is that we have!CS 
2JCS=r
3 at large radii, instead of !CS / 1=r6.
In Fig. 7, we show the relative change in moment of
inertia induced by the CS modification, ICS=IGR, as a
function of the dimensionless coupling strength  . We
recall that the moment of inertia is defined as a I  J=,
where J ¼ 12 limr!1½r3!ðrÞ. We also plot the result of our
analytic approximation for a nonrelativistic constant-
density star. Although the overall normalization is off by
nearly an order of magnitude, we see that the trends
predicted by our simple approximation are indeed recov-
ered in the full numerical result. In the limit of small CS
coupling, we have ICS=IGR / 2 / ‘4cs. For large values
of the dimensionless coupling parameter, the CS correction
to the moment of inertia asymptotes to a constant value.
We show the dependence of ICS=IGR on neutron star
compactness in the small-coupling limit in Fig. 8. Again,
our very simple analytic result is underestimating the exact
numerical result, but the trend ICS=IGR / ðM=RÞ3 is
roughly respected for realistic neutron star masses.
Finally, in Fig. 9, we show the extrapolated asymptotic
value of ICS=IGR in the limit of the large-coupling pa-
rameter, as a function of neutron star compactness. It
depends approximately linearly on neutron star compact-
ness, as we found in our analytic solution. To obtain this
value we have computed ICS=IGRðÞ for several values of
the coupling strength up to   10 and fitted ICS=
IGR ¼ ICS=IGRj1ð1 =Þ—we could not go much be-
yond   10 as the homogeneous solutions contain terms
of order expðÞ that quickly become very large and lead to
large numerical errors, see equations of Sec. IVB.
Our numerical results are therefore in very good quali-
tative agreement with our analytic approximation for
constant-density nonrelativistic objects. Given that a neu-
tron star density profile is far from constant and that
neutron stars are compact, it is not surprising that the
quantitative agreement is not perfect. We can understand
why the analytic approximation systematically underesti-
mates the correct result. A realistic neutron star is much
more centrally concentrated than a constant-density object.
FIG. 6. Radial dependence of the normalized metric coefficient
!ðrÞ=, for a 1M neutron star described by the Shen et al. EOS
(the LS220 EOS shows a very similar behavior and the corre-
sponding result was not plotted here). The curves are labeled by
the dimensionless coupling strength  defined in Eq. (31). For  *
1 frame dragging becomes strongly suppressed in the vicinity of
the star. At large radii !  2J=r3, where J ¼ JGR þJCS is
enhanced with respect to the value in GR.
FIG. 7. Change in the moment of inertia ICS=IGR induced by
the CS modification as a function of the CS coupling strength  ,
for the two EOSs considered. We plot ICS=IGR for the values
M=R ¼ 0:1 and 0.15. The dashed lines show the analytic result
derived in Sec. IVC for a constant-density nonrelativistic star
(also for M=R ¼ 0:1 and 0.15 from bottom to top).
FIG. 8. Relative change in the moment of inertia ICS induced
by the CS modification in the small-coupling limit, as a function
of neutron star compactnessM=R, for the two EOSs considered.
We show the dimensionless quantity lim!0R4=‘4csICS=IGR.
The dashed line shows the analytic result derived in Sec. IVC
for a constant-density nonrelativistic star. The amplitude is off by
approximately an order of magnitude but the overall behavior is
relatively well reproduced.
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The ‘‘effective’’ radius of the star (defined, for example, as
the radius containing 75% of the mass), is always signifi-
cantly smaller than the actual stellar radius. A neutron star
is therefore more compact in its central regions than if it
had a constant density. For example, the mean density of a
1 M neutron star inside the sphere containing 75% of its
mass is about 70% larger than its overall mean density.
VI. SLOWLY ROTATING BLACK HOLE IN
CHERN-SIMONS GRAVITY
In this section, we compute the solution for the scalar
field and the metric of a slowly rotating black hole in CS
gravity, for an arbitrary coupling constant.
The equation satisfied by the CS scalar field for a slowly
rotating black hole is the same as that outside a slowly
rotating star, Eq. (30). Using x  r=ð2MÞ, and defining the
dimensionless coupling parameter in analogy with Eq. (31)
with the substitution R ¼ 2M
2BH  2
‘4cs
M4
; (62)
the equation for the scalar field becomes

11
x

€#1þ2x

1 1
2x

_#1

2
x2
þ9
2
BH
x8

#1¼94
‘2csJ
M4x7
;
(63)
where dots denote differentiation with respect to x.
There are two qualitative differences between the black
hole case and the stellar case.
First, in the case of a slowly rotating black hole, the
angular momentum J is just a given parameter (as well as
the black hole mass), independent of the gravity theory
chosen. Of course, J is the angular momentum of the object
that collapsed into a black hole, in which case its value
does depend on the gravity theory chosen; once the black
hole is formed, however, there is no way to disentangle JGR
from JCS.
Second, the boundary conditions are different than in the
case of a star. For a black hole, the physical solution for #
must be continuous and smooth at the horizon r ¼ 2M.
Since there is a homogeneous solution that behaves as # 
lnð1 2M=rÞ near the horizon [see Eq. (37)], we must
chose the boundary conditions in a way to avoid such a
logarithmic divergence.
To numerically solve Eq. (63), we start near the singular
point x ¼ 1 with initial conditions
#1ð1þ Þ ¼ C;
_#1ð1þ Þ ¼  94
‘2csJ
M5
þ ð2þ 92BHÞC; (64)
where C is a constant to be determined and the second
equation follows from Eq. (63) evaluated at x ¼ 1. We then
integrate Eq. (63) outward to some radius x0 > 1. We also
integrate Eq. (63) from þ1 to x0, with initial conditions
limx!1½x2#1ðxÞ ¼ D, where D is a constant. We then
adjust C and D such that #1 is continuous and smooth at
the junction radius x0. Finally,! is obtained from Eq. (29).
The solution scales linearly with the dimensionless pa-
rameter J=M2 and otherwise depends on the single pa-
rameter BH. We checked that in the small-coupling limit
BH  1 our numerical solution agrees with the analytic
result of Refs. [7,8]. We show the scalar field for several
values of BH in Fig. 10, and the metric coefficient ! in
Fig. 11. We see that the black hole solution exhibits the
same features as the solution for a star: the scalar field first
increases uniformly with BH and then starts being damped
near the horizon in the nonlinear regime BH * 1. Frame-
dragging effects become strongly screened next to the
black hole horizon for large CS coupling strengths. More
specifically, for BH 	 1, screening occurs for 2M< r &
2M1=3BH .
FIG. 9. Asymptotic value of the CS change in moment of
inertia, maxðICS=IGRÞ, as a function of neutron star compact-
ness. Also shown is our analytic approximation for nonrelativ-
istic constant-density objects.
FIG. 10. CS scalar field outside the horizon of a slowly rotat-
ing black hole, for various values of the dimensionless coupling
parameter   ffiffiffiffiffiffi2p ‘2cs=M2. For better clarity, we have shown
the small-coupling regime  
 1 with dotted lines and the non-
linear regime  > 1 with solid lines.
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VII. CONSTRAINTS TO THE THEORY
To lowest order in the rotation rate, the CS modification
to GR only affects the gravitomagnetic sector of the met-
ric—for large enough values of the coupling strength,
however, it is possible that the prefactor of terms of order
ðRÞ2 become significant in the gravitoelectric sector, but
we have not addressed this issue in this paper.
Tests of the theory will therefore rely on frame-
dragging effects. The CS modification changes the t
metric component in two ways. First, it enhances the
effective angular momentum J ¼ JGR þ JCS, defined
as J  12 limr!1r3!. Second, it modifies the near-zone
(r R) gravitomagnetic sector around the spinning ob-
ject. We will use the latter effect to set a constraint on ‘cs
with measurements of frame-dragging effects around the
Earth, and the former effect to discuss potential con-
straints from the double-binary-pulsar system PSR
J0737-3039 [21].
A. Measurements of frame-dragging around the Earth
The Earth is clearly a nonrelativistic object, with
M=R  7 1010. Moreover, the density of the Earth
varies by no more than a factor of a few from center to
edge, and the results of the analytic approximation pre-
sented in Sec. IVC should provide fair estimates. The
change in angular momentum JCS for an object so little
compact as the Earth is completely negligible, with
JCS=JGR <
4
5M=R< 10
9. However, the gravitomag-
netic field close to the Earth’s surface may be significantly
modified for a large enough CS coupling constant, as one
can see in Fig. 2.
Gravity Probe B (GPB) has measured the gyroscopic
precession due to frame-dragging to be in agreement with
GR to an accuracy of 20% [22]. The GPB satellite is in
orbit at an altitude of 640 km, which corresponds to a
distance from the Earth’s center r  1:1R. This means
that we have5 
!ð1:1RÞ
2J=ð1:1RÞ3
 1
& 20%: (65)
By requiring that the constraint Eq. (65) be satisfied and
using Eq. (43) for ! (with D1 ¼ tanh), we obtain  &
1 (we emphasize that  being a dimensionless constant, it
depends on the mass and radius of the system considered,
hence the subscript ). Translating this into a constraint to
‘cs, or, to use the notation of Ref. [7], the parameter  
16‘4cs, we obtain:
1=4  ð16Þ1=4‘cs & 108 km: (66)
The LAGEOS and LAGEOS 2 satellites have detected the
Lense-Thirring effect for bodies orbiting the Earth with a
10%precision [23]. This precision test ofGRhas set the first
constraint on nondynamical CS gravity [4] (since then
improved with measurements of the precession rate in the
double-binary-pulsar system [5,6]). TheLAGEOS satellites
are at a distance r  12 000 km  2R from the Earth’s
center. Using again Eq. (65) with the appropriate distance
and uncertainty, we obtain the constraint  & 2, which
leads, up to a factor of ffiffiffi2p , to the same bound as Eq. (66).
Even though these are relatively weak constraints, they
have the advantage of being independent and very robust.
Even with an error of 50% on either measurement, the
constraint would be degraded by less than a factor of 3.
Moreover, we will explain below that these are actually the
only current astrophysical constraints (to our knowledge)
of dynamical CS gravity.
B. On future constraints from the double-binary-pulsar
We have seen in the previous sections that CS gravity
can only decrease frame-dragging effects near the surface
of a spinning star, and only marginally enhance them in the
far-field, even for an arbitrarily large coupling strength. To
be able to test CS gravity, observational accuracy must
therefore reach the level at which frame-dragging effects
can be measured (so one can estimate deviations from GR
predictions). In other words, upper bounds on frame-
dragging effects cannot be used to set any constraint on
the CS coupling strength (unless the bounds are in fact
lower than the GR predictions). Reference [7] derived the
constraint 1=4 & 1:5 104 km from the measurement
error on the periastron precession rate in the double-bi-
nary-pulsar system, which is much larger (by two orders of
magnitude) than the GR-predicted periastron precession
FIG. 11. Metric coefficient !ðrÞ outside the horizon a slowly
rotating black hole, for various values of the dimensionless CS
coupling parameter   ffiffiffiffiffiffi2p ‘2cs=M2.
5Frame-dragging is due to the gravitomagnetic field ~B ¼ ~r
~A, where the gravitomagnetic potential is ~A ¼ 14 r sin!ðrÞe^ in
spherical polar coordinates. In principle, the precession of gyro-
scopes or the Lense-Thirring drag depend on ! and its deriva-
tive. For an approximate constraint as we give here, the detailed
expression is not crucial, though, the idea being that for  * 1,
the gravitomagnetic field becomes significantly affected.
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rate due to spin-orbit coupling. This bound was derived by
extrapolating the small-coupling result to large coupling
strengths. In regard of the above discussion, we see that
current measurements of the periastron precession rate in
the double-binary pulsar in fact cannot be used to set any
constraint on CS gravity.
It has been suggested that long-term measurements of
the binary system PSR J0737-3039 [21] would lead to a
10% determination of the moment of inertia of pulsar A
[24,25], although this would likely take another 20 years of
measurements [26]. Reference [11] has used this prediction
to derive a potential future constraint on the CS coupling
strength. From Fig. 7, we see that a 10% accuracy mea-
surement of the moment of inertia would translate in a
bound NS & 1, which would lead to the constraint
6 1=4 &
25 km. Note that here we have assumed that pulsar B lies
in the far-field of pulsar A, i.e. that the semimajor axis a 
4 105 km is such that ða=RÞ3 	 NS. Using the con-
straint from Earth measurements Eq. (66), we find that
NS is actually at most 1013  ða=RÞ3 and assuming the
near-field limit would therefore not improve on the terres-
trial constraint anyway.
Whereas the prospect of such a strong constraint is
enticing, we should keep in mind, first, that this is a very
difficult measurement [26]. Furthermore, a second chal-
lenge is the inherent uncertainty in the GR-predicted mo-
ment of inertia, which varies by 20–30% depending on
the EOS used (using the LS220 or Shen et al. EOSs). In
fact, Refs. [24,25] initially suggested that the measurement
of the moment of inertia could help narrow down the space
of allowed EOS, since the variations in moment of inertia
are larger than those in radius (by a factor of 2 since I /
MR2), which is hard to measure in any case. We therefore
conclude that constraining CS gravity from measurements
of the moment of inertia is likely to be very challenging, if
possible at all.
As a conclusion, the bound (66) that we have derived
from measurements of frame-dragging around the Earth is,
to our knowledge, the only current astrophysical constraint
to dynamical CS gravity.
VIII. CONCLUSIONS
We have presented the solution to the coupled system of
field equations and the scalar field Poisson equation in
dynamical CS gravity, for slowly rotating stars and black
holes. We have shown that the black hole solution does not
describe the space-time outside a rotating star as was as-
sumed in previous works. For the first time, we have pro-
vided a solution valid for an arbitrary CS coupling strength
and not limited to the small-coupling regime. We have
provided simple analytic solutions for nonrelativistic
constant-density objects, as well as numerical solutions
for realistic neutron stars and slowly-rotating black holes.
Our solution shows two key features. First, frame-
dragging effects are reduced with respect to standard GR
near the surface of a rotating star or black hole. We have
used this effect to set a robust constraint on the CS length
scale from measurements of the Lense-Thirring drag and
gyroscopic precession around the Earth, 1=4 & 108 km.
Probes of the space-time close to the horizon of spinning
black holes with orbits of objects passing nearby could
potentially help constrain the theory further [8]. Second,
the angular momentum of a rotating object (as perceived
by observers in the far-field) is enhanced. However, this
enhancement is at most JCS=JGR M=R and is therefore
difficult to detect.
In closing, let us mention some limitations of our work.
First, we recall that this paper only considers the slow-
rotation approximation. Arbitrarily fast-rotating stars or
black hole solutions are significantly more complicated,
even in GR, and we have not tackled this difficult problem
here. Second, we have only studied the CS extension to GR
and have not considered any other extension of quadratic
(or higher) order in the Riemann tensor. Recently, Ref. [27]
has considered compact stars in Einstein-Dilaton-Gauss-
Bonnet gravity, which complements the present work for
quadratic extensions to GR. Finally, we have only studied
stationary space-times, and have not performed any stabil-
ity analysis which would require a full time-dependent
study. It is therefore not clear that the solutions we have
found are stable, and, in fact, it is likely that instabilities
occur for large coupling strengths as the system solved is
effectively fourth-order. It is also possible that higher-order
terms in the ‘‘exact’’ theory of which the CS extension is a
truncation render the solution stable. These questions
would require a significantly more thorough analysis,
which we defer to future work.
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6This constraint is of the same order as the one derived in
Ref. [11], even though their metric solution actually does not
contain any additional angular momentum, since they have
! 1=r6 at large radii. However, because they used the
integral formulation (35) for the moment of inertia, they did
obtain the correct order of magnitude for the constraint.
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